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Consider the first initial-boundary value problem for parabolic equations such as 
with f(u) superlinear, and denote the blow-up time of the solution by T,. It is 
proved that T, -+ T,, as s + 0 where T,, is the smallest blow-up time for J&U = j(u). 
Since there is no maximum principle for higher order parabolic equations, one 
cannot use here traditional comparison methods. The main results are outlined in 
Section 1. 0 1988 Academic Press, Inc. 
1. INTRODUCTION AND PRELIMINARY RESULTS 
Let 52 be a bounded domain in R” with smooth boundary and let 
Q7.=Qx(O, T), Q,=Qx {t= T}. 
Let d(x) be a function satisfying 
t/4EC’(Q), 420, 4 Sk 0, $=a4/av=o on asz, (1.1) 
where v is the outward normal to XJ. 
Let S(u) be a nonlinear function defined on [w’ and satisfying 
fE CW’), f(u)20 if 24 20, 
lim inf f$> c forsome p>l, O<L-<~. 
U’cx 
(1.2) 
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For any E > 0, consider the parabolic problem 
2 + &4A*u, = f(z.4,) in Q,, 
u,(x, 0) = d(x) if x E Sz, 
%(X, t) = 0, ; u,(x, t) = 0 on XJ x (0, T). 
(1.3) 
DEFINITION 1.1. If a solution of (1.3) exists for T< T, (0 < T, < co) but 
not for T < T, + 6, for any 6 > 0, then we call T, the blow-up time for u,. 
Notice that 
lim sup sup /U&X, t)l = co. 
T-T, xcR 
(1.4) 
Indeed, otherwise we can get a priori estimate on the Lp(QT,) norm of 
Dtu,, DzuE for any p < co; consequently U, is uniformly Holder continuous 
in Q, and then also D,u,, DzuE are uniformly Holder continuous in Q,. 
But then the solution U, can be extended into Qr,+& for some 6 > 0, which 
is a contradiction. 
As a by-product of the results of Section 2 it will be shown that (1.4) can 
be improved, namely, 
lim sup Iu,(x, t)l = co. (1.5) 
T+T,x.sR 
In order to prove a finite-time blow-up for (1.3), for any 0 <E < 1, one 
can use, for instance, the method of proof of Theorem 4.1 or 4.2 and 
establish: 
THEOREM 1.1. Zf lim inf,,, _ o. (f(u)/lulP)>O for some p> 1, then for 
any compact subdomain K of 52 there exists a positive number M such that if 
JKq5(x)dx>M then T,< cofor any O<E< 1. 
This result will actually not be used in the rest of the paper, since our 
interest is in small values of E. 
Let u be the solution of 
$=fW, t > 0, 
(1.6) 
4x, 0) = d(x) 
and denote by T(x) the blow-up time of t -+ u(x, t). Set 
To = Wd where 4(x0) = max 4(x), X,EQ. (1.7) 
I t rr 
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We assume that 
T,<m. (1.8) 
In Sections 2, 4 it will be proved that 
T, -+ To if E + 0. (1.9) 
In Section 2 we prove that u, -+ u uniformly in compact subsets of 
d x [0, T,,) and, consequently, 
lim inf T, 3 To. (1.10) 
E-0 
In Section 3 we shall prove that higher order derivatives of u, converge to 
the corresponding derivatives of u. 
In Section 4 we shall establish the complement of (l-lo), namely, 
lim sup T, < To; 
C+O 
(1.11) 
in fact, we establish the stronger result: 
T < T -I- Ct+13. c-. 0 (1.12) 
In Sections 5, 6 we consider the initial-boundary value problem for 
and compare the blow-up time T, with the blow-up time To for 
Using different methods than in Sections 24, we prove (1.10) (in Sec- 
tion 5) and ( 1.11) (in Section 6). 
The conditions (l.l), (1.2) are assumed throughout the entire paper. In 
some of the sections we impose additional conditions on f, 4. 
The methods of this paper can be extended to semilinear parabolic 
equations of any order and to parabolic systems. 
We finally mention that Friedman and Lacey [4] have established 
asymptotic estimates for T, - To where T, is the blow-up time 
corresponding to 
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and T, is defined as in (1.7). They used comparison methods and construc- 
ted suitable subsolutions and supersolutions. Since there is no maximum 
principle for higher order equations, their methods cannot be extended to 
the present case. Friedman and Oswald [6] have recently derived 
asymptotic estimates on the blow-up surface t = 7’,(x) for solutions of the 
hyperbolic equation 
2 
+E2du.=f(u.), n < 3. 
2. UNIFORM CONVERGENCE OF u, TO u 
THEOREM 2.1. Let u, and u be the solutions of (1.3) and (1.6), respec- 
tively, and let 0 c T < T,,. Then, for all E small enough, u, exists in Q, and 
u, + u uniformly in QT, as &+O. 
COROLLARY 2.2. lim inf, _ 0 T, 3 T,. 
In order to prove Theorem 1.1 we shall need the following: 
LEMMA 2.3. Let 0~ T< T,. If u, exists in QT and 
bh L”(Q,) G c (O-c&< 1) 
then 
u, + u uniformly in QT, as E-+0; 
consequently, for all E sufficiently small, 
(2-l) 
I%I L”(QT) G M, 
where M= 1 + I~lLm(p~~. 
Proof of Lemma 2.3. It s&ices to prove (2.1). We argue by contradic- 
tion: we suppose that (2.1) is not true so that, for some sequences ~~10, 
xi -P x0 E 0, ti + t,, E [0, T], there holds 
IME, ti) - U(Xi, ti)l 2 6 > O Vi. (2.2) 
Let Ui(x, t) = u,,(xi + eix, t). Then 
~+A%+ f(U,), 
(2.3) 
Ui(Xy 0) = b(Xj + &ix); 
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Ui is defined on 52, x (0, t) where 
52, = (Q - Xi)/Eir 
and 
I Uil L”(R,x (0.1)) 6 c. 
Further, 
Ui(x, 0) -+ 4(x0) uniformly in compact sets. 
Let us denote by Sz, the limits set of the domains sZi. Then 
(i) if lim(dist(xi, aG)/.ej) = cc then Q, = IX”, 
(ii) if lim(dist(x, 8Q)/si) < co then Q, is a half space and x0 E 852. 
By a priori estimates (up to a subsequence) 
ui+ u 
uniformly in compact subsets of Sz, x [0, T] and, in the second case, U 
satisfies zero boundary conditions. 
In the first case 
U,+A'U=f(U) in R” x (0, T), 
U(x, 0) = 4(x,), (2.4) 
U is bounded. 
and in the second case 
U,+A'U=f(U) in Q, x (0, T), 
V-T 0) =&x0) = 0, 
U(x, t) =; U(x, t) = 0 on XJ, x (0, T), 
(2.5) 
U is bounded. 
Suppose we can prove that 
the only solution of (2.4) is U(x, t) = u(xo, t), 
and the only solution of (2.5) is U(x, t) = 0 = u(xo, t). 
Then, by (2.3) we deduce that 
u6,(xi, t, = ui(“, t, + u(xO, r, 
(2.6) 
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uniformly in t, 0 < t < T, which contradicts (2.2). Thus it remains to prove 
(2.6). 
Let w(x, t) = U(x, t) - u(x,, t). Then w satisfies 
w, + d2w = cw, 
w(x, 0) = 0, 
w is bounded, 
where c is a bounded function and, in the second case, 
a w=-WC0 
av on 32, x (0, T). 
The function w can be represented by the integral formula 
where K is the fundamental solution for the Cauchy problem in R2 in the 
first case, and Green’s function for the Cauchy problem with Dirichlet data 
on the half space in the second case. 
By [2, Chapter 4.2, (6)] the following estimate holds for Green’s 
function K corresponding to Dirichlet data on the boundary of any domain 
here 52, may also be unbounded or 
Using (2.8) we deduce from (2.7) 
VXE520, O<s<t<T; (2.8) 
R”. 
that 
PI I- 
IWI r~(n,x(o,r))~CIWILm(n,x(o,t)) J J 14 0 0, 
< Ct I4 LYQ, x (0.t))’ 
Thus, for t small enough, w = 0 in 9, x (0, t). Proceeding step by step we 
deduce that w = 0 in 52, x (0, T), and (2.6) follows. 
Proof of Theorem 2.1. We first prove the existence of a solution u, 
uniformly bounded in Q, for cr small enough. We introduce 
u,(x, t) = u, 
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Then v, satisfies 
For any 0 > 0, set 
AC = {u E L”(Qm4); 14L”(Q.c4) G Ml9 M>O 
and define the mapping P,: 
P,: 4 -+ L"(Q,,4) 
v, + v, 
when 6, is given by 
u,,,+‘4’a,=&-.(v,) on QA 
fi,(x, 0) = 4(x) in Sz, 
6,(x, t)=gv,(x, t)=O on cXJ x (0,0c4). 
(2.9) 
Representing 6, by Green’s function 
and using (2.8), we get 
wheref,(M) = max{ If(u JuI GM}. If we choose 
M= co IdLyn, +1 (2.10) 
then, for Q 6 co, P, maps A, into itself, provided go is small enough. It is 
easy to check that for 0 small enough P, is also a contraction. Therefore 
there exists one and only one fixed point of P, in A,. In terms of u, we have 
a unique solution on Q0 which is uniformly bounded. Notice that (T 
depends only on M. 
We now apply Lemma 2.3 to deduce that 
U, + u uniformly in Q,, as E +O. 
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Hence if E is sufficiently small, say E < E r, 
I&ygo)~ 14L”(Qo,+ 1. (2.11) 
We next proceed to extend the solution U, to Q0 +o,, considering the 
initial values to be u,(x, 6). In view of (2.11), if we choose 
then as, in the first step, we can extend U, by a fixed-point argument 
provided cri is small enough. Applying Lemma 2.3 we deduce that (2.11) 
holds in QO+o, if E 6 s2 and then, with the same choice of M as in (2.12), 
we can extend the solution U, to Q,, “, + ,,2, where we can take (TV = o1 since 
we have the same M as in the second step. 
Proceeding step by step, we extend the solution U, into all of Qr, and 
U, + u uniformly in QT. 
Remark 2.1. One can easily show that (1.5) holds for any E > 0. Indeed, 
otherwise 
for a sequence tj t T,. By the first step in the proof of Theorem 2.1 we can 
then extend U, into Qr,+a where (T is a positive number independent of tj. 
Since tj + (r > T, if j is sufficiently large, this is a contradiction. The same 
remark applies to general nonlinear parabolic equations of the form 
2.4, - P(x, D)u = f(u). 
3. CONVERGENCE OF d’u, TO A2u 
In this section we impose additional conditions onf, 4: 
fE C5(R2), f(j)(O) = 0 for O<j<5, (3.1) 
&C5@h 
4*4(x) =; A2q5(x) = 0 for XEC% 
THEOREM 3.1. 1f(3.1), (3.2) hold then 
A*u, + A2u 
uniformly on every compact subset of a x [0, T,). 
(3.3) 
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The proof is somewhat analogous to the proof of Theorem 2.1. First we 
establish an analog of Lemma 3.2: 
LEMMA 3.2. Let T< TO and assume that 
lAZ%l L”(&) Q c (O<E< 1). 
Then 
and, consequently, 
A’u, + A2u uniformly in 0, 
lkf2uh~~, G lkf24,=(QTj + 1 
!f 6 is sgfficiently small. 
Proof of Lemma 3.2. The function v, = A2u, satisfies 
v,,, + e2 A2v, = f’(u,)v, + R(u,), 
where R(u,) is a sum of terms of the type 
f”‘(u,) D%, . . . D”‘u, 
(3.4) 
(3.5) 
(3.6) 
with 2gi<4 and a,+ ... +cl,=i. Let W=A*u. If (3.5) is not true, then 
Iv,,(Xj, ti) - w(xj, ti)l B 6 > 0 (3.7) 
for sequences ei JO, xi + x,, E a, ti + to E [0, T]. To derive a contradiction, 
let V,(x, t) = u,(xi + EX, t). Then 
v,,, + A2v, = f’(u,) v, + Wu,), 
where f’(u,) and R(u,) are evaluated at (xi + EX, t), and 
on the lateral boundary. Moreover, I V,l< C. 
We now proceed as in the proof of Lemma 2.3. Since, by (3.4), f’(u,) and 
R(u,) are uniformly Holder continuous, by regularity results for parabolic 
equations (for instance, by the Schauder estimates) the sequence VEi has a 
subsequence such that 
V,,(x, t) uniformly convergent in compact subsets of Q, x (0, T) 
to a function V(x, t) 
505/75/2-5 
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and 
V,+A2V=f’(u)V+R(u) in 52, x (0, T), 
w, 0) = A24(xo) for XEO~, 
(3.8) 
where f’(u) and R(u) are evaluated at (x,,, t). The function V is bounded in 
Sz, x (0, T) and either 0, = R” or 52, is a half space; in the second case V 
and aV/av vanish on the lateral boundary. 
Using the assumptions (3.1), (3.2) it is easy to check that the function 
W(x,, I) satisfies the same equations in (3.8) either in the whole space, or 
in the half space with the same homogeneous boundary conditions. We 
conclude as in Section 2 that W= V, which is a contradiction to (3.7). 
Proof of Theorem 3.1. We first establish that there exists a solution u, is 
Q, satisfying (3.4) with T = CJ. For this purpose we introduce the function 
u,(x, t) = A2u, 
Then 
o,,fA20,=$,A2f(u,) 
u,(x, t) = f u,(x, t) = 0 
u,(x, 0) = 5%) 
if u, exists in Q,,,d. 
in Q,,, 
on XJ x (0, r,), (3.9) 
Analogously to Section 1 we introduce, for (T > 0, the set 
4 = {w w E L”(Q,,4), A2wg L”(Qc,,4), IA’wl LmcQ,,84j < M} 
and the mapping 
P,: 4 + ~5”(Qo,4) 
w, + WC, 
where W, satisfies the system (2.9) with u, = w,, 6, = W,. Thus, applying A2 
to the parabolic differential equation and representing A2@, by Green’s 
function, we obtain 
A’*,(x, t) = s, JG, 1; LO) A2d(5) & 
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and d2f(wE) =f’(w,) d 2w, + R(w,) with R(u) defined as before. We now 
easily see, using (2.8), that if 
M= co Id2&w+ 1 
and G is small enough then P, maps A, into itself and is a contraction. 
Thus, P, has a unique fixed point in A, ; this establishes the existence of a 
unique solution U, in Q, with 
We now appeal to Lemma 3.2 in order to deduce that (3.5) holds in Qc 
and 
l~24 F(Q”) G ld2ul L”(Q,) + 1 (3.10) 
if E is small enough. We can complete the proof of the theorem step by step, 
as in Section 2, always choosing the same M, namely 
M=C,(ld2ulLZ(Qr)+ l)+ 1 
and the same size r-interval. 
4. CONVERGENCE OF T, TO To 
In this section we complement Corollary 2.2 by proving: 
THEOREM 4.1. Iflim inf,,,,, [f(u)/lulp] >O (p> l), then 
lim sup T, < T,,. (4.1) E’O 
Assuming that 
f(u) is convex for UER’, 
f(u)ac ldP forall uER’andsomec>O,p>l, 
(4.2) 
we shall prove the stronger result: 
THEOREM 4.2. If (4.2) holds, then there exists a constant C > 0 such that 
T, < To + cE413. (4.3) 
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Proof of Theorem 4.2. Consider first the case where f(u) = IuI p. We 
choose a function $ (cf. [l, p. 1381) such that 
ti=x* where LY >4, (4.4) 
and set 
where p is still small enough to be determined. 
Expressing A*$ in terms of x and its derivatives, we find that 
14’1) < CI)-~‘” 
and, consequently, 
lA*11/,1 <C@;-4’a/p4(’ +n”). 
Consider the function 
(4.5) 
g,(f) = j uek t) $p(x) dx. 
BY (1.31, 
g:(t) = -Ed j uJ*$, + j Iu,Ip II/,. 
BY (4.5) 
We choose tl large enough so that (1 - 4/cr) > (l/p) and then, by Hiilder’s 
inequality, 
- ~,A*~,~P Iu.IVp+&~ s s 
tib’-“I*- UP)(P/(P - 1)) 
P P 4(1 +Na)(P/(P- 1)) 
Hence 
gL>(l -w4)j Iu,IpIl/p- cE4 P ll(P- 1) P 4Pl(P- I) ’ (4.6) 
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or, by Jensen’s inequality, 
g::3(1 -@g,p-Y, 
where 
6 = p4, 
CE4 
Y= 
P ll(P- 1) P P/(P- 1) ’ 
and 
g,(O) = J- %(X3 0) $,(x) 2 Wo) - cp2 
since 4(x) > 4(x0) - C Ix - x01 2 for some C > 0. 
Setting 
47) =&(f), T=Al 
with 1 - 6 =ABPP1 and B(#(x,)- Cp2)=~(x,), we get 
with 
and 
B-l+Cp2, A-l-6-Cp2 
?=$-y(1 +S+Cp2). 
The blow-up time t, for (4.9) is given by 
I 
cc dh 
7, = 
((a,) hP - rl 
and T, < t,/A. Also, 
251 
(4.7) 
(4.8) 
(4.9) 
(4.10) 
(4.11) 
(4.12) 
T,, = 
s 
03 dh 
#(x0) F 
(4.13) 
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and therefore 
It follows that 
Choosing 
T, < To < C(y + 6 + p’). 
p = cp4+, p%p 
the assertion (4.3) follows. 
The proof of the theorem for general f satisfying (4.2) is similar. 
Indeed, from (4.6) we have 
provided y < ~‘6 and g,(O) = &x0) - Cp*. Also 
so that 
T, d T,(l - cc3 + Cp’). 
Taking y = 6 = Cp’ and p* = E, (4.3) follows. 
Proof of Theorem 4.1. Instead of (4.6) we now have 
gL>(c, -E4)[ lu,l~(c/p-c 1+ ( 
E4 
P 4PlCP- 1) > 
and, by Jensen’s inequality, 
provided 
g+-2C 
E<P PAP- 1) 
(4.14) 
(4.15) 
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For any large constant M > 0 we can find 6 > 0 such that 
u(xo, To - 6) > 3M 
and, by continuity, 
u(x, To - 6) > 2M if lx-xOj <pO. 
In view of Theorem 2.1 we deduce that 
u,(x, T,,-S)> M if Ix--~I <po, (4.16) 
provided E is small enough. Now choose p < p. in the previous proof and E 
small enough so that (4.15) also holds. Thus (4.14) holds, and 
g,(T, - 6) > M. It follows that g,(t) blows up in time 6 To - 6 + r](M) 
where u(M) + 0 if M -+ a3; this concludes the proof. 
Remark 4.1. Using the method developed in Section 6, we shall extend 
(in Section 6) the assertion (4.1) to functions f(u) which are not non- 
negative, such as 
f(u) = lulP-l 2.4. 
Remark 4.2. The results of Sections 24 extend with minor changes to 
parabolic equations 
u, + E*“‘A”‘u = j-(u). 
5. PERTURBATION OF HIGHER ORDER EQUATIONS 
We wish to extend the results of the preceding sections to singular 
perturbation of nonlinear heat equations. We shall be primarily concerned 
with 
f$-Adu,+s4A2u.=f(uJ in QT, 
U,b? 0) = 4(x) if XESZ, (5.1) 
z&(x, t) =; u&x, t) = 0 on 852 x (0, T). 
We denote by T, the blow-up time of u, (defined as in Definition 1.1); 
note that (1.5) holds (by Remark 2.1). 
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Let u be the solution of 
u, - Au = f(u) in Q,, 
4% 0) =4(x) if xE52, (5.2) 
u(x, 2) = 0 on 80 x (0, T,), 
where T,, is the blow-up time for U; notice that u > 0 in QT,,. We assume 
that T, < co; if f and 4 are as in Theorem 1.1 then the proof of that 
theorem shows that T,, < cc. 
We denote by s,(t) the contraction semigroup of the operator 
A, =s4A2- A with domain D(A,)= H4(Q)n H;(0) (see [9]). Note that 
D(A,) is independent of E and that the norm 11 IIHti is equivalent to the 
graph norm of D(Ay). 
We choose a positive integer m such that 
k=4m>n+4 (5.3) 
and assume that 
qkD(Ay+‘) (5.4) 
and 
f&+4, f(')(O)= 0 for O<i<k+4. (5.5) 
THEOREM 5.1. Let u be the solution of (5.1), and assume that (5.3), (5.4) 
hold. Then, for any 0 < T-C T,, there exists a unique solution u, of (5.2) in 
QT with u,(., t) E C(CQ tl, Hk(Q)), P rovided E is sufficiently small, and 
SUP lI%(*, t)-4.3 t)llHqn)+O lj- E-0. (5.6) 
O,cf<T 
Recalling (5.3) and using the Sobolev imbedding theorem we conclude 
that u,(x, t) is continuous in 0,. 
COROLLARY 5.2. If (5.3), (5.4) hold then 
lim inf T, 2 To. 
E--r0 
Theorem 5.1 is analogous to Theorems 2.1, 3.1; the proofs of these 
theorems do not extend to the present case of (5.1), although the under- 
lying ideas are similar. 
Proof of Theorem 5.1. For any e > 0 we introduce the set 
B={~EC(CO,OI,D(A~); Ilwllt+<M) 
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and consider the operator 
P,: B + C( [0, a]; Hk(Q)) 
w + w, 
where 
M.(.,I)=S~(I)B+S’SE(~-~)~(~~.(.,S))~~. 
0 
(5.7) 
It is easy to see that s,(t) is a contraction on D(Ay). Also, by (5.5), 
f(w( ., s)) belongs to D(A’;). Hence, applying AT to both sides of (5.7) we 
deduce that 
(5.8) 
We claim that 
IIf~~~llH~~~~ll~IIH”+ 1) VW E D(Ayy, (5.9) 
where h(s) is a continuous increasing function of s. Indeed, the kth 
derivatives off(w) are sums of terms of the form 
f"'(W) fi W'W, 
j= I 
where 0 < i < k, C (yjl = k. By Sobolev’s imbedding, 
1 f”‘(w)l d 1 f(i)(\bi\ “k)l + c 
and 
IID”wII L’, < c liwllb 
1 1 k-y- 
where -=--1. 
rj 2 n 
Since 
g=ni(f-;) +x< (n,- 1) -- (; X)+&$ 
we get, Holder’s inequality, 
Combining this with (5.10), the assertion (5.9) follows. 
(5.10) 
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Substituting (5.9) into (5.8) and recalling the definition 
get 
If we choose 
M= co IldllH~ +1 
of the set B, we 
(5.11) 
then, for (T small enough, P, maps B into itself. 
We claim that f is Lipschitz continuous on Hk, that is, 
IIf(w)-f(u)ll”~~C(w ll~--ollH~ if Ib41H4w lbllHk6M, (5.12) 
where C(M) is a bounded function of M. Indeed, the k-derivatives of 
,f(w) - f(u) can be written as sum of terms of the form 
(f"'(W) -f"'(U)) fl D%, 1 lajl =k, 
f~i~(z)(~mv)(~DqDqw-u) 
i i 
with z = w or z = u and I/II + C lyil + C Iyjl = k. Estimating these terms as 
before (following (5.10)) we easily obtain the assertion (5.11). 
Using (5.12) we can deduce from (5.7) that P, is a contraction on B 
provided 0 is sufficiently small, depending on M. Therefore P, has a unique 
fixed point in B, which is then the unique solution u, of (5.1) in Q,. We 
also have, as in (5.8), 
I/%(~, t)lII@+4G co lldllH~+4+ c s ’ llf(%(.> s))ll”~+4 A (5.13) 0 
for t < (T. 
We claim that 
IIf(%(.Y t))ll H~f4~~O(Il%(~, t)llHk) Ild~, t)llHk+4 (5.14) 
when h,(s) is a continuous function of s. Indeed, the (k + 4)th derivatives of 
f (u,) are sums of terms of the form 
f (i' n D’Ju,, 
where 1 < i < k + 4, C loril = k + 4. Pick up j, with the maximum (cciOl. Since 
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C 1~~1 = k + 4, we then have lajl 6 k/2 + 2 for all j # j, and, by Sobolev’s 
imbedding and (5.3), 
II~%( .> t)ll LX(R) B c IId .Y t)ll f&R) if j#j,. 
From this we clearly deduce that (5.14) is valid. 
Substituting (5.14) into (5.13) we find that for any M > 0, 
if Ilu,(., f)llHk<M for t<a then 
II4.2 f)ll”k+4~ co Ml1 ++4+ h,(M) j; Il%( ., s)lI”k+4 4 
(5.15) 
where h,(M) is a continuous function of M; consequently, by Gronwall’s 
inequality, 
if lIu,(., t)ll,k<M for 26~~ then 
II%( .T f)ll Hk+4 <h,(M) 
(5.16) 
with another continuous function &(s); the function h2 is independent of 0. 
We can apply (5.16) with M as in (5.11) and then, by compactness, 
deduce that 
suP IIUe(‘~ t)-U(‘, r)llHk(n)+O if E -+ 0. (5.17) 
0<t<0 
It follows that 
if E is sufficiently small. 
We can now extend the solution U, to Q,,, replacing 
in the definition of M in (5.11). Next we establish (5.16) for t -C 20, and 
continue as before to derive (5.17) for 0 < t < 20. Proceeding step by step 
(cf. also the proof in Section 2) we can reach t = T after a finite number of 
steps; thus U, exists in QT and (5.6) holds. 
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6. CONVERGENCE OF T, TO TO 
In this section we complement Corollary 5.2 
lim sup T, < T,,. We assume that 
4(u) 
,$ym IuJpc1=y where y >O, P>l (6.1) 
and that either 
n+4 
PC, 
or 
(a) Sz is convex, A# + f(d) 2 0, 
by establishing that 
(6.2) 
(b) f’(u) is convex for u 2 0 and some 0 < 9 < 1, 
(c) Sand 4 satisfy (5.4), (5.5), (6.3) 
Cd) If(u) - ~4 = Wu P-6)foru-+ +cc andsome6>0, 
(4 PCS. 
THEOREM 6.1. Zf (6.1) and either (6.2) or (6.3) hold, then the blow-up 
times T,, T,, of the solutions of (5.1), (5.2) satisfy 
litn:;p T, < T,,. (6.4) 
ProoJ Multiplying (5.1) by U, and integrating over Sz,, we get 
Id 
z;ii 0, I 4 dx + j (&4(Au,)2 + IW*) = In, u,f(u,). 
(6.5) 
RI 
Next, multiplying (5.1) by u,,, and integrating over a,, we get 
where 
F(r) = 1; f(s) ds. 
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Integrating (6.6) over (0, t) we obtain the inequality 
f j (E4(h,)* + IVu,12) Q j F(u,) + c. 0, Qr 
Using this in (6.5) results in 
and, by (6.1) 
(6.7) 
(6.8) 
We now proceed to establish (6.4) by contradiction. Suppose 
T,B T,+Cr for some a > 0 
and a sequence E JO. Consider two cases: 
Case 1. jn, 242(x, t) -+ co for some t = 2,~ r, + a/2 and a subsequence 
E -+ 0. Since, by (6.8), 
-&:2c1 (ja,u:)(p+1)‘2-c for t>TE, 
where c, is a positive constant, we deduce that jn, uz must blow-up at time 
t = z, + c(/4 if E is small enough, which is a contradiction since r, + a/4 < T,. 
Case 2 (This is the complement of Case 1). jn, uf(~, t) 6 C for all t < 
To + a/2 and E small enough. Integrating (6.8) we get 
ss I&I p+I<C. Q 10 + 00 
Next, integrating (6.5) once in t we get 
(6.9) 
ss IVu,l 2 d c Pro+./2 
and integrating (6.6) twice in t we get, after using (6.9), 
(6.10) 
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u:,, 6 c. 
From (6.10), (6.11) we deduce that, for a subsequence, 
u, + v a.e. in Q To + al4, 
24, -+ v strongly in L*(Q T,, + a,4). 
Further, from (6.12), (6.9), 
(6.11) 
(6.12) 
IS If(u,)I(p+l)‘p<c, (6.13) Qr,,+e/4 
if If(v)J’p+“‘P<c. (6.14) Q~,,+niq 
It follows that the functions 1 S(u,) -f(v)1 are uniformly integrable and 
converge a.e. to zero, as E -+ 0. Consequently 
IS If(u,) -f(v)1 -+ 0 if E--t 0. (6.15) QT,,+z/~ 
From (6.12), (6.15) and (6.9), (6.10) it follows that v is a strong solution 
of (5.2) in Q,,,,,,. 
By the L’ estimates of the parabolic equations [8] it then follows that 
i.i Pro+Yr(lVtI’+ lVA’)~C jjQ,o+g,4 If(v)l’+C< 02 
for r = (p + 1 )/p and then, by Sobolev’s imbedding (see [S; p. 801) 
j.i (VI4 < cc 
2 
QT,,+z/~ 
for 5=:-- 
n+2’ 
If we assume that (6.2) holds then q > p + 1 and we can repeat the above 
argument a finite number of times to deduce that u E L”(Q,++). Since, 
by uniqueness, u E u in QT,, this is a contradiction. 
Consider next the case where (6.3) holds. Then by Theorem 5.1 (here we 
need (6.3)(c)) u, -+ u uniformly in QT, and therefore u = v in Q,. In view of 
(6.11) we then have 
JS ZL:<Cll QEI 
(6.16) 
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By [5] (see also [3]; the conditions (6.3)(a), (6.3)(b) are needed here) u 
does not blow up near the boundary LM2, and 
u, 2 cf(u) in Kx(O,T,) (c>O) 
for any compact subdomain K of 52. Take any blow-up point x0 in Sz con- 
tained in the interior of such a set K. By a recent result of Giga and Kohn 
c71 
u(x, t)>c,(T,-t)-“(P--j if lx--.~~l <C,:‘T-t 
for any positive constant C where c0 is a positive constant depending on C 
(here we need the assumption (6.3)(d) and p < (n + 2)/(n - 2)). It follows 
that, for some c, >O, 
11 u:3c, QTO s 
o=“(To-t)- 2p/(p~I)(Tg_f)n/2df=* 
since p < (n + 2)/(n - 2); this is a contradiction to (6.16). 
The proof of Theorem 6.1 can be adapted also to the case (1.3), (1.6) and 
it yields an extension of the results of Section 4 to the case where f(u) 
satisfies 
uf(u) 
,fiym IuIpll=m f(u)>0 if u>O. 
We shall also assume that 
b(x) B #(x0) -c lx - xOjm in some neighborhood of x0 (c > 0, m > 0) 
(6.18) 
and that 
p<1+;. (6.19) 
THEOREM 6.2. Denote by T, and T,, the blow-up times for ( 1.3) and (1.6) 
respectively. If (6.17t(6.19) hold then 
lim sup T, < T,. 
E’O 
Proof: As in the previous proof we derive the inequality (6.8). Since 
U, + u uniformly in QT,+ d for any 6 > 0 (by Section l), if we can prove that 
s u2 -+ co as t-+T, (6.20) Q, 
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then we shall have, for any large constant M, 
if 6 is small enough, provided E is sufficiently small, say E <s,Jb). Using 
(6.8) we can then deduce that In, uf blows up in time <T,- 6 + q(M) 
when q(M) + 0 if A4 + co; but this completes the proof of the theorem. 
Thus it remains to establish (6.20). 
For simplicity, consider first the case f(u) = IuI pP ’ u. Then 
44x1 
u(x, r)= [l -(p- l)~P-yX)fJll(P-l) 
(6.21) 
and 
T,, = 
1 
(P - 1) 4”- l(xo)~ 
Set t= T-6, r= lx-xX01. Then, near x=x0, 
24(x, t) 2 C(6 + rm)-“(pp ‘) by (6.21), 
so that 
s u2(x, t) dx 3 Crhp 1 dr +cc R (6 + yy/(P- 1) 
when t + T, since 
2m 
--rz+1>1 
P-l 
by (6.19). 
This completes the proof of (6.20) in case f(u) = IuIp-’ u. 
For general f, (6.21) is replaced by 
s 
u(x.r) do 
4(-r) f(v)=* 
and we can proceed in a similar way. 
Remark 6.1. The results of Sections 5, 6 can be extended to parabolic 
equations of any order; for instance, to 
u, - Au + .sZm A’% = f(u), 
where m is any integer ~3. 
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Remark 6.2. The results of this paper can be extended to systems of 
parabolic equations, such as, for instance, 
u,-y Au+&4A*u=f(u, u), 
u, - 6 Au + &4 A2v = g( u, v), 
where y, 6 are constants, y > 0, 6 > 0. 
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